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Abstract

Integrated structural and control design of linkage mechanism for noise attenuation is studied. Firstly, a new set of

equations of motion is obtained by employing a set of wavenumber transformations to the original equations of motion of

the flexible linkage mechanisms, in which the unknown variables can describe the structural acoustic radiation level of the

mechanism directly. The new equation can be used to evaluate the structural acoustic radiation performance. Secondly, the

performance index for simultaneous mechanism and noise control design is discussed. The weighted sum of structural mass

and the energy of the controlled mechanism is selected as the performance index. Finally, numerical simulations are carried

out on a four-bar linkage mechanism. Simulation results show that the acoustic radiation and the control inputs of the

optimized mechanism are improved significantly.

r 2006 Elsevier Ltd. All rights reserved.
1. Introduction

Mechanisms are now being required to run at higher speeds while maintaining low noise radiation and high
positioning accuracy [1,2]. As we know, the high-speed mechanisms have an aptitude to vibrate when they
suffer exterior excitations, and strong acoustic radiation is produced. So it is necessary to look for effective
methods to suppress the structural acoustic radiation. Many noise suppression methods such as absorption
and insulation have been developed [3]. These methods use either absorbent material to dissipate the
acoustical energy along the noise propagation path or barriers to obstruct the noise propagation, which may
be referred to as passive control methods. However, the noise reduction capability of the acoustic absorbent
material is effective only at middle and high frequencies. Active noise and vibration control technique serves as
a useful alternative to passive control method, which provides a numerous advantages such as improving the
low-frequency performance and programmable flexibility of design [3]. As for flexible linkage mechanisms, the
mode frequencies are usually relatively low, and the active control technique will be an ideal choice.
ee front matter r 2006 Elsevier Ltd. All rights reserved.
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In recent years, considerable attention has been paid to the vibration and noise control for high-speed
flexible mechanisms. Sung and Chen [4] attempted to control the elastodynamic response of a four-bar linkage
mechanism with a flexible follower. Two patches of piezoceramic actuators were bonded to the surface of the
follower at two locations that are symmetric with respect to its midpoint. Optimal linear quadratic regulator
(LQR) is employed in the control system. Liao and Sung [5] gave a finite element model of the same
mechanism, and studied the active vibration control problem both analytically and experimentally based on
the linear quadratic Gaussian (LQG) theory. Choi et al. [6] studied the vibration control problem for a slider-
crank mechanism, in which the connecting rod was considered as a flexible member. Sannah and Smaili [7]
presented an experimental investigation for controlling the elastodynamic response of a four-bar mechanism
with a flexible coupler, a slightly less flexible follower, and a rigid crank. A controller, which consists of a LQR
and a Luenberger observer, was designed and implemented. Zhang et al. [8] studied the on-line vibration
control problems of the flexible mechanisms based on the independent modal space control theory, in which
all of the members were considered as flexible. Zhang et al. [9,10] developed a mathematical modeling
approach for the high-speed flexible linkage mechanisms equipped with bonded piezoelectric sensing/actuating
elements, and the active vibration control is discussed with reduced modal control method and HN control
method. Considering both geometric and inertial nonlinearities, Caracciolo and Trevisani [11] developed a
control scheme for a flexible four-bar linkage in which the rigid-body motion and vibration control were
considered simultaneously. Considering the position and vibration performances, Trevisani [12] presented a
feedback control scheme for a four-bar linkage. Caracciolo et al. [13] further investigated the problem, and a
mixed H2/HN control scheme was developed. Recently, Lu et al. [14] develop an active noise control method
for flexible linkage mechanisms.

As stated above, active control is used to improve dynamic characteristics such as transient response and
noise radiation. The strong coupling between structural dynamics and active control is a well-recognized
challenge in the analysis of controlled flexible mechanisms. In the traditional design approach, mechanism
parameters are optimized first and then an optimal controller is designed. The design of the flexible
mechanisms and the control systems are usually carried out separately. The mathematical model for the
mechanism optimum, or at least the final mechanism design, constitutes the plant for the control design. The
control designer then proceeds to synthesize the optimal control system for the given plant. Uncertainties in
mechanism modeling of the plant are often considered to ensure that the control system is robust with respect
to plant errors. The couple between the mechanism and the control system becomes an essential factor in the
design [15]. The integrated structural and control design problem was first considered by Hale et al. [16]. Up to
now, the problem has received much attention in the field of flexible structural design [17,18]. But the research
is mainly to focus on some of the simple systems such as beam and plate. The problem of integrated flexible
mechanism design and noise control has not been extensively treated despite it is very important.

This study is mainly to focus on how to reduce the structural acoustic radiation of the flexible mechanism.
Other noise sources such as motors, transmissions, and aerodynamic noise are not taken into account, which
may be studied separately. In this study, firstly, a new set of equations of motion is obtained by employing a
set of wavenumber transformations on the original equations of motion of the flexible linkage mechanisms, in
which the unknown variables can describe the structural acoustic radiation level of the mechanism directly.
Secondly, the performance index for simultaneous mechanism and noise control design is discussed. The
weighted sum of the structural mass, the vibration energy and the energy of the control system of the
mechanism are selected as the performance index, an integrated optimal design model is developed. Finally,
numerical simulations are presented to demonstrate the validity of the proposed method.

2. Formulation of control model

According to the Hamilton and finite element theory, the equations of motion of the flexible linkage
mechanism can be expressed as [9]

M̄ €̄qþ C̄ _̄qþ K̄ q̄ ¼ F̄, (1)

where M̄; C̄ and K̄ are the systematic mass, damping and stiffness matrices, respectively; F̄ is the vector of the
disturbance forces; q̄; _̄q; €̄q are the generalized displacement, the velocity, and the acceleration vectors of the
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linkage mechanism, respectively. According to the acoustic theory, sound radiation is determined by the
normal velocity of the structure surface. So it is necessary to extract the surface normal components of each
link from the displacement vector q̄. By utilizing a series transformation [14], one obtains a new set of
equations of motion as

M€qþ C_qþ Kq ¼ F, (2)

where q is the surface normal displacement vector of each link of the mechanism, and

M ¼ GTM̄C; C ¼ CTC̄C; K ¼ CTK̄C; F ¼ CTCFn,

C is the transformation matrix; Fn is the disturbance force vector corresponding to vector q. The equations of
motion of the controlled mechanism system can be expressed as

M€qþ C_qþ Kq ¼ Duþ F, (3)

where u is the control force vector, D is the distribution matrix of the control force.
According to the expansion theorem, vector q can be rewritten as

q ¼
XNm

i¼1

fiZi ¼ Ug, (4)

where Nm is the number of the selected modes, U is the eigenvector matrix consisting of Nm selected
eigenvectors, g is the modal coordinate vector. Employing wavenumber transformation and inverse
wavenumber transformation [14,19] on Eq. (4) yields

q ¼Wp, (5)

where

W¼ðWUTMÞ�1, (6)

p ¼
XNm

i¼1

ciZi ¼ Wg, (7)

W is a matrix consisting of Nm vectors of wi ði ¼ 1; 2; . . . ;NmÞ, which can be expressed as

ci ¼

Z k

�k

Z 1
�1

fie
�jkxx dx

� �
ejxkx dkx ði ¼ 1; 2; . . . ;NmÞ,

where kx is the component of the acoustic wavenumber in x direction, and k ¼ o=c, o is angular frequency of
the disturbance, c is the spread speed of sound in the air.

For a given position of the crank, the eigenvector matrix U is known, so W and W are also known.
Substituting Eq. (5) into Eq. (3) and pre-multiplying Eq. (3) by WT, yields

Me €pþ Ce _pþ Kep ¼WTDuþWTF, (8)

where

Me ¼WTMW; Ce ¼WTCW; Ke ¼WTKW.

Eq. (8) can be regarded as the equations of motion of a ‘‘virtual linkage mechanism’’, the displacement of
the ‘‘virtual linkage mechanism’’ p directly reflect the acoustic radiation of the original mechanism. So it is
more convenient to study the acoustic radiation control problem using Eq. (8).

Defining the state vector x as

x ¼
p

_p

" #
, (9)

then the state space form of Eq. (8) is given by

_x ¼ Axþ Bū, (10)
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where

A ¼
0 I

�M�1e Ke �M
�1
e Ce

" #
, (11)

B ¼
0

M�1e D

" #
, (12)

ū ¼ uþDþF, (13)

and D+ is the general inverse matrix of D.

3. Simultaneous optimal design of structure and control parameters

According to the optimal control theory, the optimal control forces can be calculated by

ū ¼ �R�1BTPx. (14)

Matrix P can be obtained by solving the following Riccati equation [20]

ATPþ PAþQ� PBR�1BTP ¼ 0, (15)

where Q and R are weight matrices, which can be taken as

Q ¼
aX2 0

0 bI

" #
, (16)

R ¼ lI; (17)

where I is the unit matrix; X is the diagonal matrix of frequency of the mechanism, which is determined
by the structural parameters; a, b, and l are the weightings which can also be treated as design
variables.

From the analysis above, one finds that the optimal control inputs are determined both by the structural
parameter vector, ns, and the control parameter vector, nc ¼ a b l½ �

T . So the design variables for the whole
mechanism can be expressed as

v ¼ ns; nc

� �T
. (18)

The objective of this research is to minimize the acoustic radiation of the mechanism. So the acoustic radiation
performance of the mechanism is one of the most important factors to be considered. Furthermore, the mass
of the mechanism and the energy cost by the control system are also should be considered. As the energy of the
structural acoustic radiation of the original linkage mechanism is equivalent to that of the vibration energy of
the ‘‘virtual linkage mechanism’’. So one can select the energy of the vibration and the consumption of the
control system of the ‘‘virtual linkage mechanism’’ in one cycle of operation as the performance index.
Summary above, the objective function can be written as

J ¼ w1f m þ w2f e ¼ w1W ðnsÞ þ w2

Z t0þT

t0

xðns; ncÞ
TQxðns; ncÞ þ uðncÞ

TRuðncÞ
� �

dt, (19)

where fm, fe is the structural mass and the existing energy, respectively, w1, w2 are the weighting coefficients,
which can be determined by

w1 ¼
qf e

q v
�� ��

�����
�����
wð0Þ

; w2 ¼
qf m

q v
�� ��

�����
�����
wð0Þ

, (20)

where v(0) is the initial value of v.
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In accordance with analysis above, the simultaneous mechanism and control optimization problem can be
stated as follows:

Find the design variables v ¼ ns; nc

� �T
that minimize the objective

Min w1W ðnsÞ þ w2

Z t0þT

t0

xðvÞTQxðvÞ þ uðncÞ
TRuðncÞ

� �
dt

� �
. (21a)

The constraints may include a number of compatible behavior constraints such as frequencies, stresses, etc.
In this study, we just consider the stress and the control force constrains. Considering the design variables
should be positive, the whole constraints can be expressed as

rmaxp½r�, (21b)

umaxp u½ �, (21c)

wi40; i ¼ 1; 2; . . . ; nd , (21d)

where [r] and [u] are the allowed stress and control force, respectively, nd is the number of the design variables,
and

rmax ¼ EB1iðvÞRTB2iq̄; (22)

where E is the Young’s modulus, B1i is the strain matrix of the element having the largest stress, RT is the
transformation matrix between the reference coordinate and to the element coordinate [16]; B2i is the
concerted matrix of the coordinates, which element is 1 or 0.

There are many algorithms available to solve this kind of nonlinear constrained problem. The updated
constrained variable metric method [21] is used in this paper. The variable metric part comes from looking at
the global topology of the problem in addition to the local information given by the derivatives. This
algorithm is both robust and efficient. The flowchart of integrated optimal design of flexible mechanism and
noise control is illustrated in Fig. 1.
Initial model and
System parameters

Controller design

Optimizing the mechanism
and control parameters

Convergence?

N

Stop

Y

Fig. 1. Integrated control and mechanism optimization.
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Fig. 2. Four-bar linkage mechanism.

Table 1

Results of the optimization

Design variable vector v Objective function Number of iteration

Initial values Optimal results Initial value Final value

0.0100 0.0101 6.1781E�4 4.8642E�4 16

0.0100 0.0120

0.0100 0.0202

1.0000 5.0382

1.0000 3.1711

1.0000 4.5881
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4. Numerical example and discussion

In order to verify the validity of the proposed methodology, a computer simulative analysis is carried out on
a four bar linkage mechanism shown in Fig. 2. It was constructed of aluminum strips having the following
dimensions: lOA ¼ 0:1m, lAB ¼ 0:48m, lBC ¼ lOC ¼ 0:4m, the width of each link is 0.048m. The mass density
and the Young’s modulus of the material are 2712 kg/m3and 7:102� 1010 N=m2, respectively. The crank speed
is 600 rpm. The crank is modeled by two finite elements, and the coupler and follower are both modeled by
four elements.

In order to simplify the process of the calculation, only the thickness of the links are taken as the structural
design parameters. Then the design variable vector of the whole system is given by

v ¼ ns; nc

� �
¼ h1 h2 h3 a b l
� �T

,

where h1, h2, h3 are the thickness of the crank, coupler, and follower, respectively. The initial values of the
design variables are chosen as: v ¼ [0.01, 0.01, 0.01, 1.0, 1.0, 1.0]T. The initial values of the structural
parameter are chosen randomly. The initial values of the control parameter are all chosen as 1 which means
that the initial control scheme is identical to the conventional control scheme. After 16 iterations, the optimal
results are obtained, which are shown in Table 1.

In this study, piezoelectric elements shaped in rectangle chips are used as actuators. As shown in Fig. 3, the
actuators are bonded on the links of the mechanism conveniently. The strain of the piezoelectric element in x

direction can be written as [8]

� ¼
1

EP

sP þ d31
V

hP

, (24)
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Fig. 3. Piezoelectric actuator element.

Table 2

Structural and material parameters of the actuator

Length (mm) 60

Width (mm) 15.0

Thickness (mm) 0.8

Density (kg/m3) 7500

Young’s modulus (N/m2) 1.17� 1011

Poisson’s ratio 0.25

Piezoelectric constant (m/V) 1.85� 10�10

Fig. 4. The acoustic radiation power level before and after optimization. —, initial mechanism without control; � � � � � � , initial

mechanism with control; – � –, integrated optimal mechanism with control.
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where sP is the stress of the piezoelectric actuator; EP is the Young’s modulus; d31 is the piezoelectric constant;
hP is the thickness of the piezoelectric element; V is the control input voltage.

When two uniform piezoelectric elements are bonded on the structural plant symmetrically as shown in
Fig. 3, the actuate moment of the jth actuator can be expressed as

mj
a ¼ gjV j, (25)

where

gj ¼ EPd31ðhb þ hj
pÞb

j
p, (26)

bj
p and Vj are the width and the input voltage of the jth actuator, respectively; hb is the thickness of the plant.

The piezoelectric actuators and strain gauge sensors are bonded on the midpoint of each link. The size and
material parameters of the piezoelectric actuators are shown in Table 2.
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Fig. 4 shows the acoustic radiation power of the initial mechanism without control, the original mechanism
with control, and the integrated optimal mechanism with control, respectively. The acoustic radiation power
level is calculated by [22]

Lw ¼ 10lg
W

W 0
, (27)

where W is the sound power of the mechanism; W0 is the reference sound power, which is equal to 10�12.
From Fig. 4, one finds that the acoustic radiation performance is improved significantly after the control is
employed. The mean value of the acoustic radiation level in one cycle of operation decreases from 53.26 to
30.91 dB. The acoustic radiation performance is further improved after integrated optimization. The mean
value of the acoustic radiation power level in one cycle of operation decreases from 30.91 to 20.96 dB.
Fig. 5. Control forces of the crank, —, initial mechanism with control; � � � � � � , integrated optimal mechanism.

Fig. 6. Control forces of the coupler, —, initial mechanism with control; � � � � � � , integrated optimal mechanism.
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Fig. 7. Control forces of the follower, —, initial mechanism with control; � � � � � � , integrated optimal mechanism.
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Figs. 5–7 show the control moments of the crank, the coupler, and the follower, respectively, versus the
operating time. The dot line indicates the control moment of the initial mechanism. The solid line represents
the control moment of the integrated optimized mechanism. It is seen that the maximum input control
moment of the crank is somewhat increased, while the maximum optimal control moments of the coupler and
follower is decreased significantly for the case of integrated optimization. From Figs. 4–7, one finds that
though the acoustic radiation performance is improved by utilizing the integrated optimal method, the control
cost does not increase so much.

5. Conclusion

Integrated structural and control design of linkage mechanism for noise attenuation is studied in this paper.
A new set of equations of motion is obtained by employing a set of wavenumber transformations on the
original equations of motion of the flexible linkage mechanisms. The new equations of motion can be used to
evaluate the structural acoustic radiation performance. The performance index for simultaneous mechanism
and noise control design is discussed. The weighted sum of structural mass and the energy of the controlled
mechanism is selected as the performance index. Finally, numerical simulations are carried out on a four-bar
linkage mechanism, in which the thickness of the links and the parameters of control mechanism are taken as
the design variables. Simulation results show that the acoustic radiation performance and the control inputs
are improved significantly for the integrated optimized mechanism.

Acknowledgment

This research was supported by the National Natural Science Foundation of China under grants 50375051,
the Teaching and Research Award Program for Outstanding Young Teacher in Higher Education Institutions
of MOE, P.R.C., the Natural Science Foundation of Guangdong Province under grants 05006494, and the
Key project of Chinese Ministry of Education (104149). The author gratefully acknowledges this support.
References

[1] S.W. Gong, Perfectly flexible mechanism and integrated mechanism, Mechanism and Machine Theory 39 (2004) 1155–1174.

[2] X.M. Zhang, A.G. Erdman, Dynamic response of flexible linkage mechanisms with viscoelastic constrained layer damping treatment,

Computers & Structures 79 (2001) 1265–1274.



ARTICLE IN PRESS
Z. Xianmin et al. / Journal of Sound and Vibration 299 (2007) 1124–1133 1133
[3] C.R. Fuller, S.J. Elliott, P.A. Nelson, Active Control of Vibration, Academic Press, 1997.

[4] K. Sung, Y.C. Chen, Vibration control of the elastodynamic response of high-speed flexible linkage mechanisms, ASME Journal of

Vibration and Acoustics 113 (1991) 14–21.

[5] C.Y. Liao, C.K. Sung, An elastodynamic analysis and control of flexible linkages using piezoceramic sensors and actuators, ASME

Journal of Mechanical Design 115 (1993) 658–665.

[6] S.B. Choi, C.C. Cheong, B.S. Thompson, M.V. Gandhi, Vibration control of flexible linkage mechanisms using piezoelectric films,

Mechanism and Machine Theory 29 (1994) 535–546.

[7] M. Sannah, A. Smaili, Active control of elastodynamic vibrations of a four-bar mechanism system with a smart coupler link using

optimal multivariable control: Experimental implementation, ASME Journal of Mechanical Design 120 (1998) 316–326.

[8] X.M. Zhang, H.Z. Liu, W.Q. Cao, Active vibration control of flexible mechanism, Chinese Journal of Mechanical Engineering 32

(1996) 7–14.

[9] X.M. Zhang, C.J. Shao, Y.W. Shen, Complex mode dynamic analysis for flexible mechanism systems with piezoelectric sensors and

actuators, Journal of Multibody System Dynamics 8 (2002) 51–70.

[10] X.M. Zhang, C.J. Shao, A.G. Erdman, Active vibration controller design and comparison study of flexible linkage mechanism

systems, Mechanism and Machine Theory 37 (2002) 985–997.

[11] R. Caracciolo, A. Trevisani, Simultaneous rigid-body motion and vibration control of a flexible four-bar linkage, Mechanism and

Machine Theory 36 (2001) 221–243.

[12] A. Trevisani, Feedback control of flexible four-bar linkages: a numerical and experimental investigation, Journal of Sound and

Vibration 268 (2003) 947–970.

[13] R. Caracciolo, D. Richiedei, A. Trevisani, V. Zanotto, Robust mixed-norm position and vibration control of flexible link

mechanisms, Mechatronics 15 (2005) 767–791.

[14] J.W. Lu, X.M. Zhang, Y.W. Shen, The wave number analysis and optimal control of acoustic radiation of a flexible coupler link of a

linkage mechanism, Journal of Sound and Vibration 258 (2002) 619–631.

[15] Y. Zhu, J.H. Qiu, J.J. Tani, Simultaneous optimization of structure and control for vibration suppression, ASME Journal of

Vibration and Acoustics 121 (1999) 237–243.

[16] A.L. Hale, R.J. Lisowski, W.E. Dahl, Optimal simultaneous structural and control design of maneuvering flexible spacecraft, Journal

of Guidance, Control, and Dynamics 8 (1985) 86–93.

[17] A. Messac, Control-structure integrated design with closed-form design metrics using physical programming, AIAA Journal 36 (1998)

855–864.

[18] R.A. Canfield, L. Meirovitch, Integrated structural design and vibration suppression using independent modal control, AIAA Journal

32 (1994) 2053–2060.

[19] S. Sommerfeldt, Active wave number control of acoustic radiation from a plate, Proceedings of the Second Conference on Recent

Advances in Active Control of Sound and Vibration, Blacksburg, Virginia, USA, 1993, pp. 929–939.

[20] K. Ogata, Modern Control Engineering, third edition, Prentice Hall, Inc., 1998.

[21] F. Fletcher, Practical Method of Optimization, second ed., Wiley, 1987.

[22] N.C. Paul, Industrial noise control, Prentice Hall, Inc., 1993.


	Simultaneous optimal structure and control design of flexible linkage mechanism for noise attenuation
	Introduction
	Formulation of control model
	Simultaneous optimal design of structure and control parameters
	Numerical example and discussion
	Conclusion
	Acknowledgment
	References


